Can material time derivative be objective? 
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The concept of objectivity in classical field theories is traditionally based on time dependent 
Euclidean transformations. In this paper we treat objectivity in a four-dimensional setting, cal- 
l/") ' culate Christoffel symbols of the spacetime transformations, and give covariant and material time 

derivatives. The usual objective time derivatives are investigated. 
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I. ABOUT OBJECTIVITY 

The usual concept of objectivity in classical field theories is based on time-dependent Euclidean transformations. 
^ ■ The importance of these transformations was recognized by Noll in 1958 p] and later on became an important tool 
to restrict constitutive functions through the principle of material frame-indifference (see e.g. [H EE H| ) ■ 

Later on the principle of material frame-indifference was criticized by several authors from different points of 
view 0, 0, @ ■ Several authors argued that some consequences of the usual mathematical formulation of the principle 
contradict the experimental observations. We emphasize that one should make a clear distinction between the principle 
of material frame-indifference (which is physically well-justified) and its mathematical formulation (see e.g. |9L llOt IllL 
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IT2I 113(1. There are several different opinions in the literature concerning the mathematical formulation and recent 
""^ ■ research papers indicate that the discussion does not seem to settle 0, EjJ 0, 0] . 



The concept of material frame-indifference is inherently related to the notion of objectivity. In this paper, as a first 
step towards a possible solution of the problems of material frame-indifference mentioned above, we investigate the 
' concept of objectivity. 

Some well-known problems arise from the definition of objectivity which mainly concern quantities containing 
derivatives. It seems to us that the problems take their origin from the fact that objectivity is defined for three- 
dimensional vectors but differentiation - with respect to time and space together - results in a four-dimensional 
covector. Therefore, we propose to extend the definition of objectivity to a four-dimensional setting. 
We start with the usual transformation rules of Noll 1] for spacetime variables: 

t = t, x = h(t) + Q(t)x. (1) 

Though time is not transformed, the transformation of space variables contains time, so this is in fact a four- 
dimensional transformation. Let us write in the form 

x° = x°, x a = h a + Q a p x p ; in short x k = x k (x) 

where Latin indices run trough 0, 1, 2, 3, Greek indices run through 1, 2, 3 and the Einstein summation rule is used. 
It is well-known from differential geometry (see e.g. in p"s|) that C is a four-dimensional objective vector if it 



transforms according to 



where 



C % = J]C 3 



j< 



dx l 
dx 3 
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is the Jacobian matrix of the transformation. 
In the present case, in a block matrix form, 



J 



1 
h+Qx Q 



Accordingly, we say that a four- vector (C°, C) is objective if it transforms according to the rule 

C°\ ( 1 0\ (G° 
CJ ^h + Qx Q) \ C 

i.e. 

C° = C°, C = (h + Qx)C° + QC. (2) 

If the four-vector is in fact a three-vector, i.e. C° = 0, then we get back the usual formula. 

C = QC. (3) 

However, some important physical quantities are four-vectors. Namely, consider a motion r of a mass point. Then 
in a four-dimensional setting it is described by (t,r(t)). Its time derivative is (1, v) where v = r. According to (JJJ we 
have 

f = h + Qr, 

thus 

v = h + Qr + Qr. 

As a consequence, we conclude from J2J that the four-velocity 

V:=(l,v) (4) 
is an objective four-vector. The three-velocity - i.e. the quantity (0, v) - is not objective. 

II. CO VARIANT DERIVATIVES 

Since nonrelativistic spacctime is flat (has an affine structure), it is known from differential geometry that a 
distinguished covariant differentiation D is assigned to it. (In differential geometry the covariant differentiation is 
usually denoted by V but in spacetime this symbol usually refers to spacelike derivatives.) This means that if a is a 
scalar field in spacetime, then Da is a covector field, if C is a vector field, then DC is mixed tensor field; in coordinates 

Da ~ D^a = S^a, 

DC ~ D 4 C J = d l C 1 + T l ]k C k , 

where T l - k are the Christoffel symbols of the coordinatization, which are all zero if and only if the coordinatization is 
linear (affine). It is worth emphasizing: the coordinates of the covariant derivative of a vector field do not equal the 
partial derivatives of the vector field if the coordinatization is not linear. The spacetime coordinatization is linear if 
and only if the underlying observer is inertial. 

If x-s are inertial, linear coordinates, then the Christoffel symbols with respect to the coordinates x have the form 

i d 2 x m dx % d 2 x l dx m dx l 

jk '~ dxWx k dx m ~ ~ dx m dx l dx? dx^' 

(See the Appendix.) 

A straightforward calculation yields for the coordinatization that 

ii fe = o, r? = (Q- 1 (h + Qx)) a = (Q- 1 h + (n + nn)x)) a , (6) 
rfo = Wp, = o, (7) 

where ft := Q _1 Q is the angular velocity of the observer. 
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III. MATERIAL TIME DERIVATIVE 

Let us describe a continuum in spacetime in such a way that to each spacetime point x we assign the absolute 
velocity (four-velocity) V(x) of the particle at x. Then V is an objective vector field. 

The flow generated by the vector field V is a well-known notion in differential geometry: F t (x) is the point at time 
t of the integral curve of V passing through x (Figure 1). Physically: an integral curve of V is the history of a particle 
of the continuum. 




FIG. 1: Integral curves and flow of the vector field V. 



Let us consider a quantity $ of any tensorial order defined in spacetime. Then the function t i— > $(F t (x)) is the 
change in time of the quantity along an integral curve i.e. at a particle of the continuum. Then it is known from 
differential geometry that 

j t HF t (x)) = (DvSXfU*)), (8) 

where Dy$ is the covariant derivative of <!> according to V. 
We call Dy<I> the material time derivative of <F 

Mathematically Dv is a scalar operation, i.e. the tensorial rank of Dy$ equals that of In coordinates: 

Dya = V J Dja = V 3 dja a is scalar (9) 

(D y C) 4 = V^DjC" = V' J (d 3 C l + T) k C k ) C is vector. (10) 
In view of © , 10 and Q , we have 

Dya = (d + v • V)a (11) 

and if C — (0, C) is a spacelike vector field, then 

D y C = (d + v • V + n)C. (12) 

(If C° ^ 0, the timelike component is not zero, then a further term containing C° enters the expression of the spacelike 
component.) 

The material time derivative of a vector - even if it is spacelike - is not given by do + v • V. 
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IV. OBJECTIVE TIME DERIVATIVES 

In usual literature 8q + v • V is considered to be the material time derivation. This applied to scalars results in 
scalars but applied to vectors does not result in vectors; that is why it is always stated that this operation is not 
objective. Since t he p roblem of proper objective time derivatives relates to several phenomena in physical theories 
(e.g. in rheology |19l |20|), 'objective time derivatives' are looked for in such a way that the above operation is 
supplemented by some terms which formally do not refer to the observer |2l|. This means in our formalism that one 
looks for an objective expression, containing do + v • V, in which the Christoffel symbols do not appear. For instance, 
let us take the objective quantity 

C ! \),\ ' = <"•'<•;, 1' + C j T i jk V k (13) 

Evidently, the difference of the true material time derivative Hl()|l and the above expression is objective as well (being 
the difference of two objective quantities). Since T is symmetric in its lower indices, we obtain that 

\ ■'[),(" - <""'IU ' = I ■'<),( " - C j d 3 V\ 

The right-hand side does not contain the Christoffel symbols, it is given by partial derivatives only, nevertheless it is 
objective. For a spacelike vector (0, C) the right-hand side can be written in the form 

(do+v- V)C-L-C, (14) 

where L is the velocity gradient. This expression is just the 'upper convected derivative' of C. In a similar way we 
get the lower convected derivative and the Jaumann derivative as well. 

V. CONCLUSIONS 

1. We propose that objectivity be extended to a four-dimensional setting. 

2. The four-dimensional covariant differentiation is a fundamental fact of nonrelativistic spacetime. The coordi- 
nates of the covariant derivative of a vector field do not equal the partial derivatives of the vector field if the 
coordinatization is not linear; the Christoffel symbols enter. The essential part of the Christoffel symbols is the 
angular velocity of the observer. 

3. Usual treatments leave the covariant differentiation out of consideration; they involve only partial derivatives 
which, of course, are not objective. A number of problems arise from this fact. 

4. Material time derivative of a quantity, in a physically proper sense, ought to be defined by the time derivative 
of the quantity along the particles of a continuum. 

5. The mathematical expression of material time differentiation concerns the covariant differentiation, so its form 
relative to an observer is not given by partial derivatives only, the Christoffel symbols (the angular velocity of 
the observer) enter; for spacelike vectors the material time differentiation has the form 

d + v • V + fl. 

6. In the literature Jaumann derivative, upper and lower convected derivatives are introduced because instead of 
the above true material time derivative authors look for objective expressions containing do + v • V and partial 
derivatives only. 
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VII. APPENDIX 



Let x 3 denote inertial (i.e. affine) coordinates of spacetime and let x l be arbitrary coordinates. Then 

and we know that J (x(x))\J (x)) l k — S k from which it follows that 

^ d 2 x l dx m dx 1 ^ dx 1 d 2 x l 
dx m dx l dx 3 dx k dx 1 dx- Wx k 

For the coordinates of a vector field C we have 

C i (x) = J}(x(x))C l (x(x)) ) C\x)=J l k {x{x))C k {x{x)). (17) 

The covariant derivative DC of a vector field is a tensor field whose coordinates in affine coordinatization are just 
the partial derivatives of the vector field: (DC) l m = D m (7' = According to the transformation of tensors, the 

arbitrary coordinates of this tensor field are 

(D,C7*)(x) = Jt(x(x))(DC) l m (x(x)))J^(x) (18) 
For the partial derivatives of C l , from (|17|l we infer (with a loose notation, omitting the variables) 

dC l _ d.J{ di m ~, . dC l dx m 



dx 3 dx m dx 3 dx m dx 3 

Then with the aid of JTKJ, (JTSJ and ((TT|> we obtain 

V 3 C l = — +T) k C k . 
3 dx 3 3k 

Here we have got the first form of the Christoffel symbol given in JSJ; the second form comes from (|16|) . 
2. The inverse of the transformation is 

t = i, x = Q(i)- 1 (x-h(t)). 

Then 

3 = (-Q-'QQ- 1 ^ - h) - Q- 1 !! Q- 1 ) ' (19) 
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